Some Ky Fan type inequalities on time scales
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Abstract—In this paper we present some improved versions
of the Ky-Fan inequality for functions on time scales, in the
framework of some weights that are allowed to take some
negative values.

Index Terms—Time scales, convex function, dynamic deriva-
tives, Ky Fan inequality, Jensen inequality

I. INTRODUCTION

The theory of dynamic derivatives on time scales provides
an unification and also an extension of traditional differential
and difference equations. It is an unification of the discrete
theory with the continuous theory, that was introduced by
Stefan Hilger in [2]. Using A (delta) and V (nabla) dynamic
derivatives, a combined dynamic derivative, so called O,
(diamond-«) dynamic derivative, was introduced as a linear
combination of A and V dynamic derivatives on time scales.
The diamond-« dynamic derivative reduces to the A derivative
for a =1 and to the V derivative for o = 0. Throughout this
paper, it is assumed that the basic notions of the time scales
calculus are well known and understood. For these, we refer
the reader to [1], [2], [9], [11], [12].

The inequality of Ky Fan can be considered a counterpart
to the arithmetic-geometric mean inequality. It can be stated
as

Theorem 1: If 0 < x; < %, for i = 1,...,n, then

n

[H Iz/H(l - 1177)] < Z:CZ/ Z(l —x;), (D

with equality only if z; = ... = z,.

For a given n-tuple of numbers x = (z1,...,2,), the
arithmetic, geometric and harmonic means of weight w =
(w1, ..., wy), (Where wy, > 0 for each k and >, _, wy = 1)
are defined as follows

n
Ap(z,w) = Z Wk T,
k=1

Gn(z,w) = H z*, (2)
k=1
H,(z,w) :
n(TW) = =————-
D k—1 Wk/ Tk

It was proved that the inequality (1) works also in the
weighted case. Using the above definitions, that is:

Gola,w) _Au(a,w) .
Gn(l—z,w) = Ap(l —z,w)
and also the complementary inequality (see [15]),
H,(z,w) G (z,w)
< . “4)
H,(1-2z,w) = G,(1—2z,w)

Dragomir and Scarmozzino have improved the above in-
equalities in [7]. S. Simi¢ gave a converse version of Ky Fan
inequality in [14].

A complete weighted version of the Jensen inequality for
weights that are allowed to take some negative values was
presented by C. Dinu in [5].

Theorem 2: [Theorem 2 in [5]]. Let a,b € T and m, M €
R. If ¢ € C([a,bd|r,[m,M]) and w € C(|a,b]r,R) with
fa w(t)Oat > 0, then the following assertions are equivalent:

(i) w is an a-SP weight for g on [a, b|T;
(i) for every f € C([m, M],R) convex function, we have

b b
f<fa g<t>w<t><>at> LS e®weeat o

P w(t)0at P w(t)0at

For the concave functions, the above inequality is reversed.
Using this version, we improve the inequalities from [7] and
[14].



In section II, we give our main results, regarding the
extension of the Ky Fan inequality to a larger class of weights.
II. EXTENSION OF THE KY FAN INEQUALITY

For the rest of this paper, let T be a time scale and a,b € T.
We define the weighted means of a function on time scales,
that extend the definitions given in (2). For that, we say that
a continuous function w : T — R is a a-weight on [a, b|r,
provided that f;w(t)oat > 0, where a € [0, 1].

Definition 3: Let x : [a, bl — R4 be a continuous positive
function and w an a-weight on [a, b]y. We define:

« the generalized weighted arithmetic mean of the function
x on the time scale interval [a, b] of weight w:

2 w()z(t)0at
[P w(t)Oat

« the generalized weighted geometric mean of the function
x on the time scale interval [a, b] of weight w:

S w(t) n(w(£)0at )
e

« the generalized weighted harmonic mean of the function
x on the time scale interval [a, b] of weight w:

Jy w(t)0at
J2w(t)/(t)0ut

Ay (z,w) = (6)

G[a,b] (z,w) = exp (

H[a,b] (1"7 w) = 3
Example 4:
(i) If T = R then, for the a-weight w : R — R, (that is
f:w(t)dt > () we have

_ Jrwavdt,
A[awb] (ZC7’LU) - f:w(t)dt )
b w(t) In(z(t))dt
Gy (2, 0) = exp (fa j{gw(i) CZ)) ) |
o) — —Ja 0O
Heaitr) = [Pw(t) /e (t)dt

@) fT=2%Z,a=1,b =n+1 and o = 1, we define
w(i) = w; and x(i) = ;. The condition of 1-weight for
w means that Y | w; > 0. Then, we have

T-L, W; Ty
Apgp)(z,w) = Ap(z,w) = Diz1 Wil

n

G[a,b] (,CC7’LU) = Gn(m7w) = Haj:Ul where w = Zwi;
i=1 i=1
ZT.L_l Wy
H(L h ) = Hn ) = nlii
) = o) = S

Remark 5: The generalized means inequality is also true for
the generalized weighted means. That is,

H[a,b] (wi) < G[a,b] (Z‘,’U)) < A[a,b] (wi) &)

For the proof of the right hand of this inequality, we use

Theorem 2 for the concave function f(t) = In(t) and g = x.

For the left side, we use the same function f and g = 1/x.
We can give now our main result.

Theorem 6: Let x : [a,b]lr — [m,M] be a continuous
positive function such that 0 < m < 2(t) < M < 3,7 >0
and w be an a-weight on [a, b]y. Then

2 a2
A[a,b] (Ia ’UJ) > <A[a,b] (.13, w) > M/ (r=M) > A[a,b] (’Y -, ’LU)
Grap(z,w) = \ Glap(z, w) = Gy (v —z,w)
m2 —m 2
(A[a,b] (l’, ’U})) /o ) >1
G[a,b] (xa ’LU) -
(10)
Particulary,
A[a,b] (‘T? w) G[a,b] (I7 w)
Ay (v = z,0) = Glap(y —z,w)
Proof:

We will adapt an idea used by Dragomir and Scarmozzino
in [7] in the context of a-positive weights.

We begin by noticing that % > 1, and so, using
the fact that m, M < (0, 3], we have the first and the last
inequality in (10).

Let f : (0,v) — R be a function defined by f(t) = In VT%—i—
cInt. An easy computation shows that

and

1" _ ’7(’7_275) C _ 1 7(’7_275)
f (t) - t2 - t2 |:

o R kot B UR

Considering the f;lntction g:(0,7v) =R, gt) = ’Y((A;Y:j?,
_ =2y

we have ¢'(t) = -h7 < 0. This shows that the function g
is monotonically strictly decreasing on (0,~) and so, for any
m <t < M, we have

v(y —2m)

v(y —2M)
(y—m)?~

(= M?2 g(M) < g(t) < g(m) =

(11

Using (11), the function f is strictly convex on (m, M) if
c < v((v*fll;g )
S 5o

Now, we will apply generalized Jensen theorem 2 for the
function f : (m, M) — R, f(t) = ln"’T_75 + clnt, with ¢ <

7((77__15;;42) . We deduce




S w®z(t)0at Ay (2, A () M?/(y—M)?
T T e®oat Sy w(t)a(®)0at e 2 ( ol w>>
I emone | T\ T s Gla(@,w) = \Glapy (@, w)
Tru®0oat Ju w0t s Aan(y —2,w) (14)
_ [ Jiw®a®0at) _ Jyw(O) @(®)0t Conmnn)
- = m*/(y—m
J2 w()0at J2w()0at > (A[wﬂ W)) >
1 b v — .%‘(t) G[a,b] (fa w)
= fb w(t)Oat /a w(t) In ( (1) ) Oat The inequalities from (14) represent a continuous version
a , * of (13) and an improved continuous version of Theorem
e / w(t) ln(a:(t))oat> 2 from [8].
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O UfT=2Z,a=1,b=n+1, a =1, defining w(i) = w;
and z(i) = x; with > ;w; > 0 and z; € [m,M] C
(0,v/2] for all i € {1,...,n}, then, we have

Az, w) S Az, w) M2/ (=M S Ay — z,w)
Gp(z,w) = \ Gp(z,w) T Gply — z,w)
A (z,w) m?/(y—m)?
> > 1.
Gy (z,w)
(13)

(i) If T =R then, for any a,b € R, any a-weight w: R —
R, and for any continuous function x : R — R, with
z([a,b]) C [m, M] C (0,7/2] we have



